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Abstract. In this paper, we systematically develop the "ghost" symmetry of the BKP hierarchy 

through its actions on the Lax operator L, the eigenfunctions and the r function. In this process, 
O '. 

, the spectral representation of the eigenfunctions and a new potential are introduced by using squared 

$_( I eigenfunction potential(SEP) of the BKP hierarchy. Moreover, the bilinear identity of the constrained 

BKP hierarchy and Adler-Shiota-van-Moerbeke formula of the BKP hierarchy are re-derived compactly 
by means of the spectral representation and "ghost" symmetry. 
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1. Introduction 



^ . Symmetry [T] plays an important role in the study of the integrable system. Many crucial properties 

of the integrable system, such as the Noether conserved laws, Hamiltonian structure, Darboux trans- 

J> ' formation and reduction, are closely connected with symmetries. There are several kinds of symmetry 

QQ , of the integrable system. For instance, in the well-known KP theory, there is an important symmetry 

. called "ghost" symmetry [2j. By identifying the "ghost" symmetry with the fc-th time flow, the con- 

' strained KP hierarchy (cKP) [3llllj can be easily defined. In this paper, we shall focus on the study 
O ' 

' of the "ghost" symmetry of the BKP hierarchy. 

The "ghost" symmetry was first introduced by W.Oevel [2] in studying the solutions of the cKP 
hierarchy. Then it was extensively studied in [5l ll2I[T6] . In the KP hierarchy, the "ghost" symmetry is 
■ closely related with a squared eigenfunction potential (SEP), which is associated to a pair of arbitrary 



eigenfunction ^{t) and adjoint eigenfunction ^{t) by means of following definition [2]: 

J-5(cD(t), = Res{d-^^Mn<^d'^). (1) 

Otn 

Here 0M„ = and L is a Lax operator of the KP hierarchy. The predecessor of SEP was in fact the 
Cauchy-Baker-Akhiezer kernel introduced in [17J, which is an important object for a study of vector 
fields action on Riemann surfaces and Virasoro action on tau functions. In [15], Aratyn et al gave 
a systematic study for the SEP and the "ghost" symmetry in KP case. By using SEP as a basic 



*Gorresponding author. email:hejingsong@nbu. edu.cn; jshe@ustc.edu.cn. 

4n this paper,we use the notations; (I]; cii9')+ = I]j>o li^*, (Z^iii^')- = I],<o«i3*, (Zl, ai9')[fe] = Sfc, 
7?es(E, = a-i and (E, a.dy = T^ii-dYa,- 

1 



building block in the definition of the KP hierarchy, they established a new way to reformulate the 
theory of the KP hierarchy called SEP method. The crucial fact of the SEP method is that there 
exists a spectral representation for any eigenfunction of the KP hierarchy with SEP as an spectral 
density. They also showed that the "ghost" symmetry [5l[l3], which is generated by SEP, has close 
relation with the additional symmetries of the KP hierarchy |18H24j .In fact, SEP can be regarded as a 
generating function for the additional symmetries of the KP hierarchy when both eigenfunction 
and adjoint eigenfunction ^{t) defining the SEP are Baker-Akhiezer (BA) functions. 

In present work, we would like to consider the "ghost" symmetry for the BKP hierarchy. Here BKP 
hierarchy [25j is an important reduction of the ordinary KP hierarchy under the constraints on the 
Lax operator L* = —dLd~^. In contrast with the KP hierarchy, the SEP of the BKP hierarchy can 
not generate directly a symmetry flow due to the BKP constraints L* = —dLd^^. Thus, we have to 
find a new potential, which is used to generate the "ghost" symmetry of the BKP hierarchy and is 
expected to be expressed by SEP. So this new potential is called the B-type of the squared eigenfunction 
potential(BSEP). Fortunately, as we shall show, the BSEP was first introduced by Loris [16] in the 
study of symmetry reduction of the BKP hierarchy. 

Similar to the case of the KP hierarchy [T5], before giving the "ghost" symmetry of the BKP 
hierarchy, we need to study SEP first. Starting from the BKP bilinear identity, we shall show that there 
is also a spectral representations for the eigenfunctions of the BKP hierarchy, i.e., any eigenfunction of 
BKP hierarchy can be represented as a spectral integral over BA wave function with a spectral density 
expressed in terms of SEP. Then according to the differential Fay identity of the BKP hierarchy, we 
get the expression of the basic SEP (the one whose defining eigenfunctions are BA functions). Thus we 
can give the general expressions of SEP for the BKP hierarchy with the spectral representation. We 
then point out the importance of the spectral representations by showing that it can in fact provide 
another definition of the BKP hierarchy. In other words, we get an equivalent formulation of BKP 
hierarchy. We also call it SEP method for the BKP hierarchy. 

Next, after BSEP is systematically studied, we define the "ghost" symmetry flows da for the BKP 
hierarchy by means of its action on the Lax operator L and the dressing operator W. Furthermore, 
actions of da on the eigenfunction <I> and r function are given by BSEP. 

At last, we consider applications for above theory. We shall first derive the bilinear identities for the 
cBKP hierarchy |16 y 27 1 [28] with the SEP method. And then by letting eigenfunctions in the BSEP be 
BA functions, we get the relation between the "ghost" symmetry and the additional symmetry: in this 
case, the BSEP becomes a generating function for the additional symmetries of the BKP hierarchy. 
With the help of this fact, we shall give a simple and straightforward proof for the Adler-Shiota-van 
Moerbeke formula of the BKP hierarchy [29H32]. 

This paper is organized in the following way.In section 2, some basic facts about the BKP hierarchy 
are reviewed. Then, SEP for the BKP hierarchy is studied in detail in section 3. After some interesting 
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properties of the BSEP studied in section 4, the "ghost" symmetry for BKP is showed in section 5. At 
last, we devote section 6 to two applications on the spectral representation and the "ghost" symmetry. 

2. BKP Hierarchy 

Here, we shall review some basic facts about the BKP hierarchy [25j. The BKP hierarchy can be 
defined in Lax form as 

d2n+lL=[B2n+l,L], ^Sn+l = (^'"+') + , n = 0,l,2,---, (2) 

where the Lax operator is given by 

L = d + uid-^ + U2d-^ + --- , (3) 

with coefficient functions Ui depending on the time variables t = (ti = x,t3,t5, • • • ) and satisfies the 
BKP constraint 

L* = -dLd~\ (4) 

It can be shown [25J that the constraint (HD is equivalent to the condition (i?2n+i)[o] = • 
The Lax equation ([2]) is equivalent to the compatibility condition of the linear system □ 

L{TpBA(t, A)) = \lpBA{t, A), d2n+l1pBA{t, A) = B2n+l{lpBA(t, A)), (5) 

where ipBAit,^) is called BA wave function. The whole hierarchy can be expressed in terms of a 
dressing operator W, so that 

oo 

L = WdW-^, W = l + J2wjd~^, 

and the Lax equation is equivalent to the Sato's equation 

d2n+lW = (6) 

with constraint 

W*dW = d. (7) 
Let the solutions of the linear system ([5|) be the form 

^BA{t, A) = VF(e«(*'^)) = w{t, A)e«(*'^), (8) 

where C(t,A) = E£o Wi^^*^^ and w{t,X) = 1 + wi/X + W2/X^ H . Then tpsAit, z) is a wave 

function of the BKP hierarchy if and only if it satisfies the bilinear identity 



^ dAA-VBA(t,A)V'BA(t',-A) = 1, yt,t', (9) 
where f dX = §^^^ = Res x=oo and t = {ti = x, ta, ts. 



^For a differential operator A and a function /, A{f) denotes the action of A on f. 



In the BKP hierarchy,if <I'(or ^) satisfies 



a2n+l$ = S2„+l ($) (or a2„+l* = -S2*„+l (^))>™ = 0'1' 2,- •• , (10) 

we shall call $ (or ^) eigenfunction (or adjoint eigenfunction) of the BKP hierarchy. Obviously, 
ipBA{t, A) is also an eigenfunction. The relation between the eigenfunctions and adjoint eigenfunctions 
can be seen from the fact B2n-\^id = —dB2n+i- This fact implies that any eigenfunction $ gives rise 
to an adjoint eigenfunction ^ = f^^. In particular,we have '0|5^(t,A) = —X~^'4)BA{t^—^)xi where 

cover, from the bilinear identity ([9]), solutions of the BKP hierarchy 
can be characterized by a single function r(t) called r-function such that 



= (u) 

r(t) 

where [A^^] = (A^^, ^A~^, • • • ). This implies that all dynamical variables {ui} in the Lax operator 
L can be expressed by r-function, which is an essential character of the KP and BKP hierarchy. 
Moreover, another important property of r function of the BKP is the following Fay like identity. 

Proposition 1. J^iJ ^ (Fay identity) The tau function of the BKP hierarchy satisfies: 
Sr - sq){si + S2){SI + s^) 

> 7 \ 77 ^T{t + 2[s2\ + 2[s-i\)T{t + 2[soJ + 2[siJ) 

(S1,S2,S3) 

^ (.o-.i)(.o-.2)(.o-.3) ^ 2[.o] + 2[.,] + 2[.2] + 2[.3])r(t) = 0, (12) 

(so + Sl){so + S2)(S0 + S3) 

where (51,52,53) stands for cyclic permutations of si, S2 and S3. 
Proposition 2. !l31]j (Differential Fay identity)For the BKP hierarchy, 

{^(^ + 2[si])T(t + 2[s2]) - T{t + 2[5i] + 2[s2])r{t)} 
— + — ) {dT{t + 2[s2])T{t + 2[5i]) - dT{t + 2[si])r(t + 2[s2])} 

52 Si J 

+ (---) {r{t + 2[si] + 2[s2])dT{t) - dT{t + 2[5i] + 2[s2])r(t)}. (13) 

V52 51/ 

Note that these identities are indeed different from the counterpart of the KP hierarchy because of 
the BKP constraint @. In the next context, we shall show it is for the same reason that the SEP of 
the BKP hierarchy can not generate directly the symmetry flow. 

3. SEP FOR THE BKP Hierarchy 

As mentioned in Introduction, we hope to get a new potential- BSEP from the SEP of the BKP 

hierarchy. So we shall study some interesting properties of the SEP of the BKP hierarchy in this 
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section. For any pair of (adjoint) eigenfunctions <I>(t), ^'(t), there exists a function S{^{t),^{t)) called 
SEP, determined by the following equations, 

^ S{^{t), ^{t)) = Res{d-^^{L^''+^)+<^d-^) , n = 0, 1, 2, 3, • • ■ . (14) 



dt2n+l 

In particular, for n = 0,we have, 



d,Smt),^{t)) = ^{t)^{t). (15) 



One can see that this definition is the same as the one [2] in the KP hierarchy except even number 
flows are frozen. There are two properties of SEP for the BKP hierarchy. 

Lemma 3. If ^(t) and ^{t) are BKP eigenfunction and adjoint eigenfunction respectively, then one 
has the following relation: 

S{m,i^BA{t, -A) J = e-«(*'^)(<i>(t) + O(A-i)), (16) 
5(VBA(t,A),^(t)) =e«(*'^)(vI/(t)A-i + 0(A-2)). (17) 

Proof: We only prove the first identity since the proof of the second one is similar. Because 
V'SA(t, -A). = e-«(*'^)(-A + 0(1)) and 

J e-^^$(t)dx = - J X~^<^{t)de-''^ 

= -A-ie-^^$(t) + A~i J e-''^^^{t)dx = ■■■ = e-^^{-X~^^{t) + 0{X-^)), 

we find 

S{m,'^BA{t,-X)^) = I m'^BA{t,-X),dx = j 1>{t)e'^^''^H-X + 0{l))dx 

= j $(t)e-«(*'^)dx + e-«(*'^)0(A-i) 

= -Ae-«(*'^)(-A~i$(t) + C(A-2)) + e~«(*'^)0(A-^) 

= e-«(*'^)($(t) + C>(A-i)). □ 

Lemma 4. // <l>i and ^2 ore iwo eigenfunctions of the BKP hierarchy, then 
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(18) 



Proof 



= -Res{d~'^^2B2n+i'^ixd~'^) using ([HD 

= Resid"^^2dB2n+id-^^v.d-^) using B^,^^ = -dB2n+id-^ 

= Res{d~'^<^>2dB2n+i<^id''^) - Res{d"'^<^2dB2n+id'^'i>i) using 

= Res{^2B2n+i<i>id-^) - Res{d-^<^2xB2n+i^id-^) + i?es(5-^$252„+i^i) 

using ([20|) and -B2n+i = —dB2n+id^^ 

= <^2Res{B2n+i<^id-^) - Res{d-^<^>2xB2n+i'^id-^) + i?es(52n+i^25-^)$i using ^ 

= $252n+l(«'l) - Res{d-^<^2xB2n+l<^ld-^) + B2n+l(«'2)^l USing ^ 

= Mdt.^+r'^l) - dt,„^,S{^i,^2.) + (9i,„+,$2)$l 

= dt,„^A^i<^2)-dt,„^,s{<i>i,^2.)a 



Proposition 5. (Spectral representation) If ^(t) is an eigenfunction of the BKP hierarchy ,then 



where the time t' is taken at some arbitrary fixed value. In other words, ^{t) owns a spectral repre- 
sentation in the form of 



Proof: Denote the RHS of ([22]) by I{t,t').Then by the BKP bihnear identity ([9]), one finds that 
dt'^I{t,t') = 0. Hence I{t,t') = f{t). By considering ([THD, we have 

I(t,t' = t)= [ dAA-VB^(t,A)e-«(*'^)(^>(t) + 0(A-^)) = ^>(t).n 



Remark l:Here we only give the spectral representation for eigenfunctions.As for the adjoint eigen- 
functions,the spectral representation can be derived similarly by considering @ and (fT7|) .that is, 




(22) 




(23) 



with spectral densities given by SEP,that is, (p{\) = S(^^(t'),ipBAit\—^)x')- 




(24) 



'Some useful formulas below are needed in the proof. 



Res{A) 



Res{A*) 



(19) 



da — ad 



(20) 



Res{Ad~^) 



(21) 



where ^ is a pseudo-differential operator, and a is a function. 
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However, because of the relation between the eigenfunctions and adjoint eigenfunctions,we must show 
that our spectral representations for BKP hierarchy are compatible. 

In fact, any adjoint eigenfunction ^ for BKP can be written as the derivative of an eigenfunction 
that is, ^ = So with the help of ([22]), <^,(^ and V'ba(*' ^) = -X~^ipBA{t, then 



I' 



^>,.(t) = I d\X-^i^BA{t,\)xS{^{t')ABA{t\-\)x') 

d\X-^i^BA{t, X),^pBA{t', -A)$(t') - J d\\-^^BA{t, X)^S{i>BA{t', -A), 
dXX~^^PBA{t, X)^S{i>BA{t', -A), 

(i!AA~Vi?A(t,-A)^5(V'BA(t',A),$(t')x') letting X^-X 

dXrBA{t,>^)S{^BA{t',X),^t'M 
dXrBAit,X)S{4^BA{t',X),^{t')) = ^{t). 



So our representation is consistent with ^ = which shows it is necessary to only study the spectral 

representation of the eigenfunctions for the BKP hierarchy. 

Remark 2:Since 'tp'^j^{t,X) = —X~^TpBA{t, —X)x,so we can rewrite ([22]) as 

m = - j dx^BA{t, x)sm'),rBA{t', >))■ (25) 

Our results ([M]) and ([2^ can be regarded as a natural reduction from corresponding ones [15] of the 
KP hierarchy by considering BKP constraints L* = —dLd~^ and ^' = <1>^. 
Remark 3:In particular, 

ijBA{t,f^)= [ dXX~^^PBA{t,X)S{ll^BAit',f^),4^BA{t',-X)x,) (26) 



is given from ([22]) by setting ^{t) = ipBAitjfJ')- 

Now we shall use the above obtained spectral representation to get general expressions of SEP.Before 
this we will use the differential Fay identity ([T3]) to get S{tpBA{t, fJ'),'^BAit, —X)x), which is a basic 
and useful SEP of the BKP hierarchy. According to the proposition [21 setsi = A^^ and S2 = 
we can find 

, r(^ + 2[A-i]-2[/x-i]) , 
"^"^ T{t) > 

dxTjt + 2[A-i] - 2[^i-^])T{t) - T{t + 2[A-i] - 2[ii-^])dxT{t) 

i-yi + A) {dxTjt - 2[/i'i])r(t + 2[A-i]) - T{t - 2[ti-^])dxT{t + 2[A-i])) 
(-M-A) T\t) 

(-M + A)(r(t - 2[/.-i])r(t + 2[A-^]) - r(t + 2[X-^] - 2[/.-i])r(t) 

r2(t) 
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Taking into account of the following identity, 



then, 



d.,T{t - 2[^-i])T(t + 2[A-i]) - T{t - 2[^,-^\)^^T{t + 2[A-i]) 

, r(t + 2[A-V2[^-i]) , 
"^"^ r(t) ' 



/x + AV r(t) ^ ^ ^ ^ "-'^ T[t) 

^ , ,,/ r(t-2[^-i])r(t + 2[A-i]) r(t + 2[A- ^ 2[ax-1]) ^ 

+ ;2(^^ ^(^) J- (27) 

Furthermore, in order to get S'(V'Byi(^) A*), V'-BA(i) — A)^), by using ([8]) and ([TT]) . we first calculate 

dx{'^BA{t,lJi)^BA{t - 2[^Ji-\ -A)) 

= g f ^ + /^,£(t.M)-£(t.A) ^(^ + 2[A-^] - 2[^-i]) 
''V-A r(t) ^ 

= (A + ^),^it.u)-,it.M r{t + 2[\-^]-2[^-^]) _ A + M^m..)-£(t.A)g , ^(^ + 2[A-^]-2[/.-^]) 

r(t) A — ^ ^ r(t) 

Note 

gC(-2[M-i],-A) ^ ^2(A+(A)3+(A)5+...) ^ ^in(i+A)-in(l- A) ^ fi + >^ ^^g) 

/i — A 

is used in the first equality above. Taking (|27p into the last term of above formula, then 

dx{i^BA{t, fl)i'BA{t - 2[/i-l], -A)) 

= (A + //)e 



S(t,M)-S(t,A) r(t + 2[A-i]-2[/x-^]) 



r(t) 

^ . ,. Mt - 2[M-^])r(t + 2[A-i]) rjt + 2[A-i] - 2[/.-i]) ^ 
r2(t) r(t) y 

= e«(*-)-^(*'^) fa( "(^;gp^ )r(t + 2[A-]) - r(t - 2[,-^])M'-^^) 

r(t-2[^-i])r(t + 2[A-i])- 



= dx'>pBA{t,lj)lpBA{t,-\) - IpBAit, n)dxTpBA{t, -X) 

= dx{i'BAit,fJ.)lpBAit,-X)) - 2tljBA{t, ^l)dxtpBA{t, -X). 

Note the first term cancels the fourth term of the first equality above. So we have, 

■lpBA{t,n)tpBA{t, -X)x = ^dx{{tpBA{t, -A) - 1pBA{t - 2[/X^-^], -A))'0BA(i, /")}, 



which imphes 

SilpBAit, /x), i^BAit, -X)x) = \ {lpBA{t, -A) - tl^BAit - 2[fI-\ -\))^BA{t, fj). (29) 

Next, we shall give the expression of another basic SEP- S(<I>(t), ■i/'BAl^, —X)x)- According to the 
spectral representation of <I>(t) in (p3]) . then 



S{^{t),lljBA{t,-X)x) = S{J dfJ,fl~^ip{fl)tl!BA{t,fJ,),'ll'BA{t,-X)x) 

dn^'^(f{n)S{lpBA{t,fJ.),4^BA{t, -X)x) 

dijL^'^ip{li)il)BA{t, /i)^ (yipBA{t, -A) - i)BA{t - 2[/i~-^], -Xi^using^ 



]-i)BA{t,-X)^{t) -]- j d^lfJL V(/^)V'BA(t - 2[/i \-X)i^BA{t,lj). 



Thus we only need to compute the underlied part above. To this end, with the help of e^^ ^['^ ^1' '^^ = 
^ in ([28]), we first calculate 

iJBA{t-2[^l-\-X))^PBA{t,^J) 

= (A + ,)l^e^(^^^)-^M)-(^ + ^[^";]-^[^-^]) 
Vl-^ r{t) 

A 1 - ^ r(t) 
= -V's^(t + 2[A-i],;u)V'BA(t,-A) + (A + /x)5(A,/i). (30) 

Here, the delta-function is defined as 

' n=— oo ^ ' 

and the following property of delta-function is used: given a function f{z) = X]£-oo '^i^^^ 

fiz)5{X,z) = f{X)6{X,z) 

as is seen from X]„(2/A)" = A* X]„(-z/A)"^*. Thus taking ([30}) back into the underlined part above, 
then 

dfln'^ip{fJ,)tpBA{t - 2[/i"-^], -X))tpBAit, /U) 

d/x/x"V(/")V'BA(i + 2[A"^],/z)V'Byi(t, -A) / dfj,n^'^(p{ii){X + ii)5{X,iJ,) 



= — $(t -|- 2[A ^])ipBA{t, —A) -|- t/ie term independent of t. 

So we get 

Sim,i^BA{t, -A),)) = ^iJBAit, -A)($(t + 2[A-i]) + <D(t)), (32) 
since the definition of SEP up to the term independent of t. 
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Similarly, we can get the expressions of S{TpBA{t, X),^x{t)) and S{^i{t),^2xi't)) by considering 

X, see appendix [A] and [B] Thus we have the following corollary. 



Corollary 6. If ^{t),^i{t),^2it) are eigenf unctions of the BKP hierarchy, then 

1 

2 



S{i)BA{t,^i),^BA{t,-\)x) = \{ll^BA{t,-X) - i^BA{t - 2[^l-\-\))i^BA{t.^i), (33) 



S{m,^BA{t,-\)x) = \i^BA{t,-X){^{t + 2[\-^]) + ^{t)), (34) 
S{4,BA{t, A), ^x{t)) = ^i^BAit, A) {^{t) -^{t- 2[A-i])) , (35) 

s{^i{t),^2x{t)) = j j d\d^l\-^^l-\l{|I)^2{X)S{iJBA{t,^J),i^BA{tA)x)■ (36) 

Remark 4: Note that (j35p is also derived by Loirs [16j by a different method. 
Remark 5:According to proposition [5] and corollary [6l we have 

m = j dXX-'ijBAit, X)iJBAit', -X)[lHt' + 2[A-i]) + ^^t')]. (37) 

In fact, the inverse of proposition [5] is also correct and it provides another formulation of the BKP 
hierarchy, that is. 

Proposition 7. Given a function 'il){t^ A) which has the form ilj(t^ A) = e^^^''^'^TjJLQOJj{t)\~^ with ojq = 1 
and ^{t, A) as in where multi-time t = (ti = x, is, • • • ) and A is the spectral parameter,let us assume 
that ip{t, A) has the following spectral representation: 

^{t,ii)= [ dXX~^'^{t,X)S{t';X,n), (38) 



for two arbitrary multi-times t and t' , where the function S{t; A,/i) is defined such that -^S^t; X, fj.) = 
jp{t, fi)^p{t, —X)x- Then. [38\) is equivalent to the Hirota bilinear identity ^,so in this way ip{t, A) becomes 
BA functions of the associated BKP hierarchy. 

Proof: The proof for one side of the equivalence that Hirota bilinear identity ([9]) imply the spectral 
representation (j38|) . is contained in the proof of ([26]) . So we only need to show that ([38]) implies ©.To 
the end, by differentiating both side of (j38|) w.r.t.t^^. then, 



Q = d^{t,X)/dt[ =^Pit',n) J dXX-^^{t,X)^{t' ,-X)x'. 

So 

j dXX-^i}{t,X)i){t' ,-X) = C. 

By letting t' = t, and considering ip{t, X)ip{t, —A) = 1 + 0{X~^), we have C = 1. Thus ip{t, A) satisfies 
J dXX^^tlj{t, X)tlj{t' , —X) = l,i.e., the Hiorta biliner equations of the BKP hierarchy. □ 

By now, we have established the SEP method for the BKP hierarchy, which provides another formu- 
lation of the BKP hierarchy. 
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4. BSEP 

Based on the useful properties of the SEP given the last section, we are now in a position to discuss 
a new potential O-BSEP [16], which will be used to generate the "ghost" flow of the BKP hierarchy 
in the next section. We first provide three expressions of 0, for different eigenfunctions, and then give 
their identities. 

BSEP is also defined as a function of a pair of BKP eigenfunctions and ^>2: 

$2) = 5(^2, ^Ix) - S{^l, $2xO- (39) 

The definition of BSEP can be up to a constant of integration. It is obvious that r2($i,$2) = 
—0(^2) ^1) and that 1) = $ (since 1 is an eigenfunction). So according to (j29p and (|30p .we have 

n{i;BA{t,fl),i^BA{t,-X)) = -iJBA{t + 2[X-%fl)ijBA{t,-\) + ^iX + fi)S{X,fl) 

= ijBA{t,fi)i^BA{t-2[fi-'],-X)-^{X + fi)6iX,fx). (40) 

Remark 6: As the definition of BSEP can be up to the term independent of t, we can omit the terms 
independent of t in ()40p . That is, 

ni-^BAit, f^),tl^BA{t, -A)) = -t/jBAit + 2[X-\ fx)lPBA{t, -A). (41) 

We would like to mention there is another expression for Q{tpBA{t, IJ'),'^BA{t, —A)), i.e., 

n{i;BAit,i^),^PBAit,-x)) = (42) 

Here the vertex operator [25] is defined as follows, 

oc 

^—(X-i2i-i)_ -(21-1)) e 

A'(A,/i) ^ :ee(A) :.e-^M :=e€(*+2[A-i],M)-5(t,A)gV^'-i^^ ^ 

oo 

= _e5(t,M)-5(t-2[M-],A)g^2.-i( M ^^^^^^^^^^^^ (43^ 

where 

.(A).-Ea-<.„ + E^A-<-.^ ,44) 

1 = 1 1 = 1 ^ 

the columns : ■ ■ ■ : indicate Wick Normal ordering w.r.t the creation/annihilation " modes" and 
^ , respectively. Thus according to the definition of the Vertex operator (1431 ) and the wave function 
([8]) and (fTT]) .we can easily get 

^ihll^ = i;BA{t + 2[X-\^)^BA{t,-X) 
T{t) 

= -%bBA{t,f^)^BA{t-2[fi-\-X) + {X + fi)6{X,^x). (45) 

So dM]) is true. 
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As for n{^{t),ipBA{t,—^)), according to the definition of 0,, two identities p4p and (j35p . then 
il{^{t),'ipBAit, —^)) can expressed by the form of 

= - ^{t + 2[X~']))^PBA{t, -A) - -A)[$(t + 2[A-^]) + ^>(t)] 

= -i'BA{t,-XMt + 2[\-^]). (46) 

Note that (j46p imphes (j4ip in Remark 6 as we expected. 

Remark 7: In fact, with the help of spectral representation (|23p for the BKP hierarchy and the 
expression for ^.{ipBAit, fJ'),'^BAii, —X)) ([^T]) , ^l{^{t),tpBAit, —X)) is derived alternatively as 

Qmt),^BA{t,-x)) 

dfilJ,~'^ip{fJ,)^{lpBAit, IJ,),llJBA{t, -A)) 



d/x/i V(Ai)V'BA(i + 2[A ^],/x)V'BA(i, -A) 
= -$(i + 2[A-i])V^B^(t,-A). 
We further show a more general 17 of eigenfunctions and ^2, 

n{<^l,<^2) = J J dXdflX-'fl-'ipi{^^)ip2{XMi'BA{t,fl),^BA{t,X))- (47) 

Next, we would like to show three identities on of the BKP hierarchy. 
Lemma 8. For the BKP hierarchy, 
Az{il^BA{t, ij)i}BA{t - 2[;u-i], A)) = i;BA{t, X)iPBA{t " 2[z-\ ^i) - ^BA{t, fi)^BA{t " 2[z-^], X) (48) 

- g _2_^-(2i-l)__S_ 

where = e ^'"^ — 1 is a shift- difference operator. 

Proof: First of all, we move all terms in right side hand of ()48p to the left, take ipBA^t, A) in ([8]) 
and (jlip into it, then 



HJholds 4^ 2[z-^],/i)V'BA(t - 2[fi-^] - 2[z-\X) - iljBA{t, ^i)i^BA{t - 2^i-^], A) 

+i^BA{t,^i)iJBA{t - 2[z-\ A) - i)BA{t, X)^BAit - 2[z-\ n) = 
{z -fi){z- A)(m - A) r(t - 2[^-i] - 2[z-i] - 2[X-^]) 
{z + ^i){z + X){ii + X) r(t-2[z-i]) 

^-AT(t-2[^-i] -2[A-^]) z - A T(t - 2[/i-i]) T(t - 2[z-i] - 2[A-^]) 
~jr+X HJ) ^ z + X HJ) T{t - 2[z-^\) 

z - /i T(t - 2[A-i]) r(t - 2[z-i] - 2[/i-i]) 



z + Ai r(t) r(t-2[z-i]) 



using^^, removing e^(*''^)+'^(*''^) 



(Z-^)(Z-A)(^- A) 1 , 

{z + + A)(;^ + A) 
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-^r{t - 2[/.-i] - 2[X-'])T{t - 2[z-']) + '—^T{t - 2[^-i])r(t - 2[z-'] - 2[\-']) 

jJi -\- A Z -\- A 

Z — fj, 



Z + fl 



T{t - 2[\'^])T{t - 2{z'^\ ~ 2{ii'^\) = multiplying T{t)T{t - 2[z"^]) 



(A + /i)(A - z) 

X + z 

~T{t - 2[fi-^])T{t - 2[z~^] - 2[A~^]) = 0. multiplying 

A — z 

For convenience, denote the left hand side of above equahty by C. Secondly, we shall prove indeed 
C = from the Fay identitv (|12p of the BKP hierarchy, thus (j48p is proved. To this end, by letting 
So = in Fay identity ( fT2]) . then 

(si + S2)(S1 + S3) 



(si - S2)(S1 - S3) 



r(t + 2[s2] + 2[s3])T(t + 2[si]) 



+ [Z-lfiZ-li -^' + 2[.i] + 2N)r(t + 2N) 

-T(t + 2[si]+2[s2] + 2[s3])T(t) =0. 

Then, after shifting t t-^ t — 2[s2] — 2[s3] and letting [si] — [si] in above equation, it becomes 

(si - S2)(si - S3) 



(si + S2)(si + S3) 



r(t)T(t - 2[si] - 2[s2] - 2[s3]) 



(S3 + Sl)(S3 - S2) 
-T(t-2[si])T(t-2[s2] -2[S3]) =0. 

At last, setting si = fi^^,S2 = ^"^,53 = A~^,we have 

iT!!^7x! ^(^M^ - 2[^^-^] - 2[^-^] - 2[A-i]) 
(// + z)(^ + A) 

(z + X){z-^,) _ , _ , _ , 
{z- X){z + n) 

-T(t - 2|f,-ll)r(t - 2[---l] - 2[A-'l) = 0, 
i.e., C = 0, as we claimed before. This is the end of the proof. □ 
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After the preparation above, now we can give two important identities of the BSEP below. 
Proposition 9. Under shift of the times t of the BKP hierarchy, BSEP obeys 

n{^i{t - 2[z-']),^2{t - 2[z-'])) - mi{t), ^2(t)) 

= - 2[z-^])^2{t) - Mt)^2{t - 2[z"i]), (49) 

+ 2[z-i]), $2(t + 2[z-i])) - n{^i{t), ^2it)) 
= ^i(t + 2[z-^])^2{t) - $i(t)$2(t + 2[z-^]). (50) 

Proof: By a straightforward calculation, then 

A,n{<^i,<^2) = j j dXdfiX-^fi-^(pi{fi)(p2{X)A,n{ijBA{t,f^),i^BA{t,X)) using^ 
= j j dXdfiX-^fi-^ipi{fi)ip2{X){i;BA{t,X)i^BA{t-2[z-\n) 

-i^BA{t, fJ-)ipBA{t - 2[z-^], A)) , using (jH]) and (gS]) 
= <^i{t - 2[z~^])^2{t) - <l>i{t)<S>2{t - 2[z-'^]). using ^ 



So dMD is proved. By shift t t + 2[z"i], is derived from (gU]). □ 

Remark 8: In fact, these identities above have been given in Loris' paper [T6], but here we give 
another proof and our proof is much easier. 

5. "Ghost" Symmetry 

After the preparation above, now we can define the "ghost" symmetry flows generated by the BSEP 
through its action on the Lax operator. We shall further show its actions on the dressing operator, 
eigenfunction <I>(t) and r function. 

Given a set of eigenfunctions ^ia,^2aT0, E {a}, the "ghost" symmetry of the BKP hierarchy is 
defined in the following way 

a£{a} ae{a} 

Next,we need to show that, the definition above is consistent with the BKP constraint (g]) and da 
commutes with dt2„+i ■ In other words, da is indeed a kind of symmetry flow of the BKP hierarchy. 
For simplicity in the next context, we introduce an operator A = X]ag{o}(*^2aC?~^*I'ia,x — *I'ia<9~^<I*2a,a;)- 

Proposition 10. da is consistent with the BKP constraint ^,i.e.{daL*)d + d{daL) = 0. 

Proof: According to the definition of A, and using a identity d~^f = fd^^ — d^^ fxd^^ , we have 

A*d + dA = i^2a,xd-^^lad - 'i>la,xd-^<^2ad + d<^2ad-^ '^la,. " d<^iad-^ ^2a,.) 

a£{a} 
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ae{a} 

+ '^2a'^la,x + '^2a,xd'^<^la,x - '^la'^2a,x - '^la,xd~^ <^2a,x) 
= 0. 

Furthermore, using the definition of da, a simple computation leads to 

{daL*)d + d{daL) = [A,L]*d + d[A,L] = -[A*,L*]d + d[A,L] 

= -dLd-^A*d + A*dLd-^d + d[A,L] 

= -d{Ld-^A*d-d-^A*dL) + d[A,L] 

= d[d~^A*d, L] + d[A, L] = d[d-^A*d + A,L]= 0, 

because of the above identity on A. This means daL* is consistent with BKP constraint (jH). □ 

Proposition 11. da commutes with dt2„^i- 

Proof: We first claim the following equations 

daB2n+l - A = [A, B2n+l] (52) 

hold for A and da, which will be proved latter. With the help of above equation, a simple calculation 
infers 

[dt,„^„da]L = dt„,^,i[A,L])-damn+l,L]) 

= [dt,„^. A, L] + [A, [B2n+1, L]] - [daB2n+l , L] - [B2n+l, [A, L]] 

= [dt2n^j^^- daB2n+i + [A,B2n+i],L] using Jacobi identity 
= 0, 

which shows da commutes with dt2„^i ■ Therefore, the remaining part of the proof is to show our 
claimed statement (j52p . First of all, the definition of the "ghost" flows daL = [A,L] implies obviously 
9„L2"+i = [A, L2"+1] .Thus,we have 

daB2n+l = {[A,L^^+^])+ = {[A,B2n+l]h (53) 
Secondly, the derivative of A with respect to t2n+i is given by 

9wi^= E {idt,„+i'^2a)d-'<^>la,x-idt2„+,'^la)d~'^2a,x) 
ae{a} 

+ E {'^2ad-Hdt2„^,^la,x)-^lad-Hdt2„^,^2a,x)). 
ae{a} 
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Taking ([T0|) into it, then 

dt,„+,A= [B2n+l{^2a)d-^^la,.-B2n+l{^la)d-^^2a,x) 
aG{«} 

a&{a} 

Note ^ia,x and ^2a,x are two adjoint eigenfunctions. Furthermore^ \ 

ag{o} 

2n+l 

ae{a} 

= {B2n+lA)_- {AB2n+l)_. 

Thus we have 

9Wi^=-([A52n+l])-, (54) 

At last, according to ([53]) - (IMl) , dSl]) is obtained. □ 

Nextjlet's see the action of the above "ghost" flows on the eigenfunctions 

Proposition 12. The "ghost" symmetry is the compatible condition of the linear problems 

dt,^+r^ = i?2n+l (<!>), (55) 

da^ = ^ 5^ («'2af^(«'la,^)-^laJ^(^2a,^)). (56) 

ae{a} 

Proof: The main idea of the proof is to use (|52p . which is equivalent to ghost symmetry flow (|51|) . to 
get the commutativity of the flows 9a9t2„+i$ = dt2„+ida^- So, according to p^ .we can rewrite ([56l) 
into 



= ^ J] ^2a(5($,$la.)-5($ia,^>,))-(l0 2) 

ae{a} 

= (^2a5($, ^lax) - l^la^2a^) "(1^2) 



a£{a} 

Y {^2aS{^, $la.) - $la5($, $2ax)), (57) 
a€{a} 



and then 



Y {idt,^+.^2a)S{^,^lax) - (5t,„+i^la)5($,$2a.) 
ae{a} 



%ere the relation {F+d''^). = Fio]d~^{F is a pseudo-differential operator) is used. 

^with the relation (9~^i<+)_ — 9~^(F*)[oj(-F is a pseudo-differential operator) 
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= Yl {(5Wi^2a)5($,$lax) - {dt,„+,^la)S{<S>,^2ax)} + Res{AB2n+l^d-^). (58) 
a£{a} 

By a tedious but straightforward calculation, we have(see appendix [C]) 

ResiAB2n+l^d-') = daidt,^^,<l>) - ((at,„^,$2a)5($, $la,x) " <f la)5($, <f 2a,x)) • (59) 

ae{a} 

Thus by substituting (j59]) into (f58|) .we get 

5a(at,„^,f) = 5i,„^,(5„c^). □ 

We now consider the commutativity of two "ghost" symmetries generated by different pairs of 
eigenfunctions {^la, ^2a}ae{a} aiid {^u, ^2b}be{l3}i their corresponding flows are daL = [A, L] and 
d^L = [A',L]. Here A = EaG{a}i^2ad-'^ia,. - <^>iad''^2a,x) as before,^' = Ebej/?} ^2b{d-'^u,x - 
^ibd-^<^2b,.)- 

Proposition 13. // two "ghost" symmetry flows da and dp are generated by A and A' above, then 

[da,dp] = o. 

Proof: By using the relation 

fid-'gif2d-'g2 = hS{f2,gi)d-^g2 - ^^-^^(/s, 51)52, (60) 

then, 

AA' = Y.^^^-^-^^la,.-^lad-^^2a,.){^2bd~^^lb,.-^lbd~^^2b,x) 
a,b 

= Yl {^2ad~'^^la,x^2bd~'^^lb,x - ^2ad~'^^la,x^lbd~'^^2b,x 
a,b 

-^lad~'^^2a,x^2bd~'^^lb,x + ^lad~'^^2a,x^lbd~'^^2b,x) 

= Y (^2a5($2fe, '^la,x)d-'<^lb,x " <^2ad-' S i<^2b, <^la,x)^lb,x 

a,b 

-<^2aS{<^lb, $la,x)5"^$2M + ^2a9"^S'($l6, '^la,x)'^2b,x 
-<^laS{<^2b, '^2a,x)d~^'^lb,x + '^laO^'^ S {<^2b, '^2a,x)'^lb,x 
+<^laS{^lb,^2a,x)d'^^2b,x " '^lad'^ S {^u, ^2a,x)'i'2b,x^ ■ 

Collecting terms in AA' according to d~^^ib^x,d^^^2b,x, ^2ad^^ and ^lad^^ in order, then using ([57|) . 
we have 

AA' = Y (^2aS($2fe, ^la,x) " «'la5($26, ^2a,x))d~^^lb,x 
a,b 
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+^2ad~^{S{^lb, ^la,x)^2b,x - S{^2b, '^la,x)^lb,x 
+^lad~\S{^2b,^2a,x)^lb,x - S {^ib, <^2a,x)^2b,x 

= {ida^2b)d-^<^lb,x - {da^lb)d-^^2b 

b 

+ Y{- ^2ad-\dp^la,x) + ^lad-\d^<^2a,x) 

a 

So 

[A, A'] 

= ^{{da^2b)d-^^lb,x - {da<^lb)d-^^2b,x} + J2^-'^^-^-\dp^ia,x) + ^la^'^ (a^$2a,x)} 
b a 

+ Y.^-{d(S^2a)d-^'^>la,x + {dp<^la)d^^ '^2a,x} + 5^{$2b9-l (S^^Im) _ <^^,d~\da<^2b,x)} 
a b 

= Y.i-'^^ad~\d^^ia,x) + ^lad-Hd^<^2a,x) " {dp'^2a)d-' <^la,x + {d^^la)d~' <i>2a,x} 
a 

+ Y.i'^2bd-\da^lb,x) - '^lbd-Hda^2b,x) + (Sa^Sb)^-^^!^ " {da'^lb)d-^ '^2b,x)} 
b 

= -dpA + daA'. 

Hence, 

[da,d^]L = da[A',L]-d(s[A,L] 

= [daA' - dp A, L] + [A', [A, L]] - [A, [A', L]] 

= [daA' -dpA+[A',A],L]=0. □ 
At last, let us see the action of "ghost" flow on the r function. 
Proposition 14. 

daT{t) = ^ m2a{t),^la{t))T{t). (61) 

ae{a} 

Proof: Since ipBA{t,^) is also an eigenfunction, so ([56|) implies 

dci^BA{t,X) = \ Y,\^^2a{t)^{^la{t),i)BA{tA))-^la{t)^{^2a{t),i^BA{t,\))\ 
aG{«} 

= [-^2a{mia{t - 2[A-i]) + $ia(i)^2a(t " 2[\-^])]ij B A{t , A) using (06]) 



2 

ae{a} 



i ^ l\x^{<^2a{t),^ia{t))i^BA{tA)- using 

ae{«} 
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So we have daT{t) = ^ Ylae{a} ^{^2a{t), ^ia{'t))'T'{t) using the expression of 'ipBAit, A) in ([8|) and (fTT]) .D 
Remark 9: So starting from the "ghost" symmetry, we find that Cr + ^ Yla£{a} ^{^2a{t), ^ia{t))T{t) 
is a new r function of the BKP hierarchy. This transformation is also given by Loris [16j started from 
bilinear identity. 

Remark 10:The symmetry reduction of BKP hierarchy,which is now called constrained BKP(cBKP) 
hierarchy [16] , is just to identify da with — (9t2„+i 

(L2«+1)_ = ^2ad-'<^>la,. " ^la^-^f 2a,x, (62) 

a€{a} 

or 

= E m2a{t),^la{t))T{t) = ^ ^ n{<S>,a{t) , ^2a{t))T{t) . (63) 

Note if set (L^^+i). = ^ as ([62]), then 9f2„+,L = [B2n+i,L] = [-L?"+\L] = -d^L. So 9^ = -St^^+i- 
To conclude this section, we would like to stress that the "ghost " symmetry ()5ip of the BKP 
hierarchy is indeed different from the counterpart in the KP hierarchy. This difference is due to the 
BKP constraint Moreover, the BSEP provides a convenient tool to show it. 

6. Applications 
In this section, we shall show two applications for previous results. 

Firstly,let's derive a bilinear identity for the cBKP hierarchy (|62p through the spectral representation 
of the BKP hierarchy. Since 

- A2"+VBA(t, -A) = L2"+i(V^B^(t, -A)) = (L2"+i)+(VB^(t, -A)) + {L'^+').{i^BA{t, -A)) 

= dt2„+i-4>BAit, -A) + dalpBAit, -A) 

= dt,^^,^BAit,X) + l E [«'2a(t)f^(^la(t),^BA(t,-A)) 

ag{a} 

-<^ia{t)Q{^2a{t),'^BA{t,-\))] using §6i) 

= dt,„^,^pBAit,-X) + \ E [-$2a(t)^la(t + 2[A-l]) 

ae{a} 

+^ia(i)^2a(t + 2[X'^])]^BA{t, "A), usiug m (64) 
So according to (I64p and the bilinear identity of the BKP hierarchy, we have 
dAA2"^B^(t,A)ViJA(t',-A) 

I [ dXX-^[lPBA{t,X)Mt',-X)<^2a{t')^la{t' + 2[\-^]) 

ae{a} 

-iPBAit, X)tl;BA{t', -X)^ia{t')^2a{t' + 2[A-^])] 
Y [^2a(t') I dXX-^i^BAit, X)^BA{t', -X)[^'^la{t' + 2[X-']) + hia{t')] "(1^2) 



ae{a} 
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= [$2a(t')^laW -$la(t')^2a(t)]. USing ^ 

Thus we get, 

Proposition 15. For the constrained BKP hierarchies \6S^) .the bilinear identity can he written as 

I dAA2"VBA(t, X)i^BA{t', -A) = [^2a{t')<^la{t) - ^la{t')^2a{t)]. (65) 

Remark 11: The bUinear identity of the cBKP is the same with Loris' paper |16] . 

Next, we will study the relation between the "ghost" symmetry and the additional symmetry. By 
using the "ghost" symmetry of the BKP hierarchy, we shall give a simple proof of the Adler-Shiota-van- 
Moerbeke formula j29Vl31j of the BKP which provides the connection between the form of additional 
symmetries of the BKP hierarchy acting on BA functions and Sato Backlund symmetry acting on 
the tau-functions of the BKP hierarchy. To this end, let y(A,/i) = ipBA{tT—^)d~^ilJBA{t:lj)x — 
ipBAit, lJ')d~^ipBA{t, —X)x be pseudodifferential operator inducing a special "ghost" symmetry flow 
^(A,/^)W^ = Y{X,fi)W according to ([STI) . In this case,the "ghost" symmetry flow is generated by an 
infinite combination of additional symmetries |3HI32j. Then, d(^x^-^W = Y{X,fj,)W infers its actions 
on wave function 

d{x,,,){iJBA{t,z)) = Y{X,^){tljBA{t,z)). 

Taking (I56p into it, we have 

y(A, fl){i;BA{t, z)) = ^ (i^BAit, -X)n{'lljBA{t, fJ.),tpBA{t, z)) - IpBAit, n)^l{tpBA{t, -X),iJBA{t, ^))) • 

(66) 

Further, according to ([5]) and ([IT]) , the action of the vertex operator Af(A,/i) on the BA function 
il^BAit-iZ) is as follows 

X{X, f^)^BA{t, z) = i^BAit, z)A, . (67) 

Now, the above results allow us to establish the connection between X and Y . 

Proposition 16. 

X{X, ti)i^BA{t, z) = 2y(A, /i)V'iJA(t, z). (68) 

Proof: 

X{\^i)i:BA{t.z) = 4^BA{t,z)A /^^'''l^^^^ 
= -i'BAit, z)lpBAit, -X)ll)BA{t - 2[z'~^],^x) + i)BA{t, z)tpBAit, n)tpBAit - 2[z''^], -A) 

using dM]) and (fl8]) 



i^BA{t, -X)Q.{i)BAit, lj),ijBAit, z)) - i^BAit, fJ,)^{i^BA(t, -X),l{jBA{t, z)) 
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using (j4ip 

= 2Y(X./j)(ibRA(t.z)). using ([66]) □ 

Appendix A. Proof of (135D 



A),$x(i)) = SiipBAitA), J diifi~ ip{^)i)BA{t,^J.)x) using ([23]) 

= y dflfl''^ip{fl)S{ijBA{t,X),'(pBAit,fJ-)x) 

= j dfxfj,~'^(p{fi)^{i{;BAit,fJ-) - ipBAit -2[X'^],fj,))iljBA{t,X) using ([33D 

Appendix B. Proof of (136]) 
S{^i{t),^2xit)) = S{J d^ifi-^^i{fi)'^BAit,fi), J d\X-^^2{X)'iPBAit,\)x) using ^ 

= j j dXdflX'^ fJ.'^ipi{p)ip2iX)S{l{jBAit, fJ-),ll^BAit, X)x) ■ 

Appendix C. Proof of (l59]) 

According to ([52]) . 

= Res{daB2n+i<^d-^) - Res{dt,„^,A^d-^) + Res{B2n+iA<S>d-^) 
= (5„52n+i)($) + i?es(52n+i^$9-^) using m 

= (5„52„+l)($)+ ResiB2n+li^2ad-^<^la,x-^lad-^^2a,x)^d-^) 

ae{a} 

= (a„B2„+l)($)+ (^Res{B2n+1^2ad-\dS{^,^ia,x) 

ae{a} 

-Si^,^ia,x)d)d-^) - (1 ^ 2)) using m 

= {daB2n+l){^) + Yl {Res{B2n+l<^2aS{^,^la,x)d-^) 

ae{a} 

-Res{B2n+l'^2ad-^S{^,'^la,x)) " (1 ^ 2)) 

= (a„52n+l)(^)+ {B2n+l{^2aS{<i>,^la,x)) 
ae{a} 
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-52n+i(«>2a)S($,«>ia,a) " (1 ^ 2)) using m 

a€{a} 

= (5„i?2n+l)($)+i?2n+l(5„$)- ^ ((^W ^2a)5(1>, - (^t.^^, $2a,x)) 

using ([571) 

= d^idt,^^,^)- E ((9t2„+i'f2a)5(^,^la,.)-(at,„^,'fla)5(^,^2a,x)). 

ae{a} 
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